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ABSTRACT
For a one-dimensional dissipative system with position depending coeffi-
cient, two constant of motion are deduce. These constants of motion bring
about two Hamiltonians to describe the dynamics of same classical system.
However, their quantization describe the dynamics of two completely different
quantum systems.
1
1. Introduction
It is well known that the Lagrangian (therefore, the Hamiltonian) formulation
for some systems of more than one dimensions may not exist [1]. Fortunately,
many of our physical systems have avoided this problem and the whole quan-
tum and statistical mechanics of nondissipative systems are given in terms of
the Hamiltonian or Lagrangian formulation. For dissipative systems there are
two main approaches, the first one consists on keeping the same Hamiltonian
formalism for the system and the interacting background. By doing this, one
brings about a master equation, and the dissipation and diffusion parameters
appear as a part of the solution [2]. This approach has its own merits, but
it will not be fallowed on this paper. We will follow the second approach
which consists in obtaining a phenomenological velocity depending Hamilto-
nian which represents the classical dissipative system and proceeding to make
the usual quantization with this Hamiltonian. Within this approach, one can
additionally study the mathematical consistence of the Hamiltonian quantum
mechanics. Now, even for one-dimensional systems, where the existence of
their Lagrangians is guaranteed [3], the Lagrangian and Hamiltonian formula-
tion are not free of problems [4]. One of the problems we are concerned is the
implication on the quantization of a classical system when different Hamilto-
nians describe the same classical system [5]. This problem would represent an
ambiguity on the quantum mechanics for the quantization of a classical sys-
tem. To study this problem, we consider a one-dimensional velocity depending
force which may represent a dissipative system with proper selection of param-
eters. Following the procedure given in reference [6], two constant of motion
with energy units are found for this system. Their associated Lagrangians and
Hamiltonians are deduced, and, using the perturbative quantum theory, the
two resulting quantum dynamics are shown with these Hamiltonian.
2. Constants of Motion
Let us consider a one-dimensional system described by the following equation
m
d2x
dt2
= −Ux(1− αx˙2) , (1)
wherem is the mass of the particle, x and x˙ denote its position and velocity, Ux
represents the differentiation with respect to x of the function U(x), and α is a
real parameter. This equation could represent the motion of a particle under a
force −Ux in a dissipative medium characterized by a quadratic velocity force
(for x˙ > 0 and α < 0) with a coefficient depending on the position of the form
αUx. Eq. (1) can be written as the following autonomous dynamical system
dx
dt
= v
dv
dt
= −Ux(1− αv2)/m (2)
which has the set Sc = {(xc, 0) ∈ ℜ2| Ux(xc) = 0} as the set of critical points
in the phase space (x, v) [7], which is the same as that for α = 0. A constant
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of motion for this system is a function K = K(x, v) such that dK/dt = 0, i.e.,
it satisfies the following partial differential equation [8]
v
∂K
∂x
− Ux
m
(1− αv2)∂K
∂v
= 0 . (3)
The general solution of this equation is given by [9]
Kα(x, v) = G(C) , (4)
where G is an arbitrary function of the characteristic curve of (3), denoted by
C. This characteristic curve can by deduced as
C = −m
2α
log(1− αv2) + U(x) . (5)
The function G can be chosen such that in the limit for the dissipation pa-
rameter goes to zero, one can get the usual energy expression of a conservative
system, E = limα→0Kα = mv
2/2 + U(x). There are at least two ways to do
this. One way is by selecting G as the identity function, G(C) = C, and the
other is by selecting G of the form G(C) = e−2αC/m/α + m/2α. These two
expressions for G bring about the following constants of motion
K(1)α (x, v) = −
m
2α
log(1− αv2) + U(x) (6)
and
K(2)α (x, v) =
1
2
mv2e−2αU(x)/m +
m
2α
(
1− e−2αU(x)/m
)
. (7)
3. Lagrangian, Generalized Linear Momentum and Hamiltonian
Using the known expression [10] to get the Lagrangian given the constant of
motion,
L(x, v) = v
∫
K(x, v) dv
v2
, (8)
the Lagrangians associated to (6) and (7) are
L(1)α (x, v) =
mv√
α
arctanh(v
√
α) +
m
2α
log(1− αv2)− U(x) (9)
and
L(2)α (x, v) =
1
2
mv2e−2αU(x)/m − m
2α
(
1− e−2αU(x)/m
)
. (10)
Their generalized linear momenta (p = ∂L/∂v) are
p(1)α =
m√
α
arctanh(v
√
α) (11)
and
p(2)α = mv e
−2αU(x)/m . (12)
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Thus, their associated Hamiltonians, H(1)α (x, p
(i)
α ) = K
(i)
α (x, v(x, p
(i)
α )), for
i = 1, 2 are given by
H(1)α (x, p) = −
m
2α
log
(
1− tanh2
(
p
√
α
m
))
+ U(x) (13)
and
H(2)α (x, p) =
p2
2m
e2αU(x)/m +
m
2α
(
1− e−2αU(x)/m
)
, (14)
where the same p variable has been used for the generalized linear momentum
to simplify the notation. Note from (9), (10), (11), (12), (13) and (14) that
the following limits are satisfied
lim
α→0
L(i)α (x, v) =
1
2
mv2 − U(x) , i = 1, 2 (15a)
lim
α→0
p(i)α = mv , i = 1, 2 (15b)
and
lim
α→0
H(i)α (x, p) =
p2
2m
+ U(x) , i = 1, 2 , (15c)
corresponding to the conservative case of (1). At first order on the parameter
α, one gets from (13) and (14) the following Hamiltonians
H1 =
p2
2m
+ U(x) + α
19p4
48m3
(16)
and
H2 =
p2
2m
+ U(x) + α
[
p2U(x)
m2
− 2
m
U2(x)
]
. (17)
We must point out that the Lagrangians (9) and (10), the generalized momenta
(11) and (12), and the Hamiltonians (13) and (14) are associated to the same
system (1), that is, they generate the same classical dynamics.
4. Quantization
It is clear that Scho¨dinger quantization of the system (1) using the correspond-
ing Hermitian operator to the Hamiltonians (13) or (14),
ih¯
∂Ψ
∂t
= Hˆ(i)α Ψ , (18)
will generate different quantum dynamics. Therefore, it is just necessary to
show this difference at first order in the parameter α with the Hamiltonians
(16) and (17) and at first order in perturbation theory [11]. Since (16) and (17)
are time independent, one uses time independent perturbation theory. Accord-
ing to this theory, the corrections to the nth-eigenvalue and nth-eigenvector
are given by
E(i)n = E
(0)
n + 〈n|Ŵi|n〉 , i = 1, 2 (19a)
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and
ψ(i)n (x) = ψ
(0)
n (x) +
∑
k 6=n
〈n|Ŵi|k〉
E
(0)
n − E(0)k
ψ
(0)
k (x) , i = 1, 2, (19b)
where the Hermitian operators associated to the Hamiltonians (16) and (17)
are written as
Ĥi = Ĥ0 + Ŵi , i = 1, 2 (20)
with Ĥ0 and Ŵi given by
Ĥ0 =
pˆ2
2m
+ U(x) , (21a)
Ŵ1 = α
19pˆ4
48m3
, (21b)
and
Ŵ2 = α
 ̂p2U(x)
m2
− 2
m
U2(x)
 . (21c)
The energy E(0)n and the wave function ψ
(0)
n (x) are solutions of the eigenvalue
problem
Ĥ0ψ
(0)
n (x) = E
(0)
n ψ
(0)
n (x) . (22)
One can also use the Dirac notation Ĥ0|n〉 = E(0)n |n〉, as it has been used in
(19a) and (19b).
To get explicitly the values for (19a) and (19b), let us consider the harmonic
oscillator potential U(x) = mω2x2/m, where ω is its natural frequency of
oscillation. For this case, one can write (20) in terms of ascent and descent
operators, a+ and a, as
Ĥ0 = h¯ω
(
a+a+
1
2
)
, (23)
where the operators a+ and a have been defined as
a+ =
√
mω
2h¯
x− i√
2mh¯ω
pˆ (24a)
and
a =
√
mω
2h¯
x+
i√
2mh¯ω
pˆ (24b)
which satisfy the following relations
[a+, a] = 1, a+|n〉 = √n+ 1 |n+ 1〉, a|n〉 = √n |n− 1〉, a|0〉 = 0 . (25a)
In addition, E(0)n is given by
E(0)n = h¯ω
(
n +
1
2
)
. (25b)
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Using Weyl idea, one has that the Hermitian operator associated to the product
p2U(x) can be given by
̂p2U(x) = mω2
12
[x2pˆ2 + pˆ2x2 + xpˆxpˆ + pˆxpˆx+ xpˆ2x+ pˆx2pˆ] . (26)
Therefore, written x and pˆ in terms of a+ and a,
x =
√
h¯
2mω
(a+ + a) , pˆ = i
√
mh¯ω
2
(a+ − a) , (27)
and using (25a), one has
〈n|Ŵ1|n〉 = α19h¯
2ω2
192m
(4n2 + 4n+ 3) (28a)
and
〈n|Ŵ2|n〉 = −αh¯
2ω2
4m
(2n2 + 2n+ 1) . (28b)
Thus, the modifications to the eigenvalues at first order in perturbation theory
are
E(1)n = h¯ω
(
n+
1
2
)
+ α
19h¯2ω2
192m
(4n2 + 4n+ 3) (29a)
and
E(2)n = h¯ω
(
n+
1
2
)
− αh¯
2ω2
4m
(2n2 + 2n+ 1) . (29b)
Similarly, the modifications to the eigenvectors are
ψ(1)n (x) = |n〉+α
19h¯ω
768m
[
A−4|n−4〉−2A−2|n−2〉−2A2|n+2〉−A4|n+4〉
]
(30a)
and
ψ(2)n (x) = |n〉−α
h¯ω
16m
[
A−4|n−4〉+A−2|n−2〉+A2|n+2〉+A4|n+4〉
]
, (30b)
where A′s have been defined as
A−4 =
√
n(n− 1)(n− 2)(n− 3) ,
A−2 = (n− 2)
√
(n− 1)(n+ 1) + (n− 1)
√
n(n− 1) + (2n− 1)
√
(n− 2)(n− 1) ,
A2 = (n + 1)
√
n(n + 2) + (n+ 3)
√
(n+ 1)(n+ 2) + (2n+ 6)
√
n+ 2)(n+ 1) ,
A4 =
√
(n + 4)(n+ 3)(n+ 2)(n+ 1) ,
As one can see from (29) and (30), the quantum dynamics of the system (13)
and (14) are quite different even a first order in perturbation theory and at
first order in the parameter α.
6
5. Conclusions and comments
For a one-dimensional dissipative system with position depending coefficient,
we have shown that it is possible to have two different Hamiltonians associ-
ated to the same classical dynamics, but they bring about completely different
quantum dynamics. Since this happens for any potential U(x) and due to
the expression (13) and (14), this ambiguity occurs for a non numerable set
of one-dimensional systems. In addition, one has implication on cahotic sys-
tems, since the classical equation of motion for the cahotic systems [12] may
be formulated can be formulated using different nonequivalent time depend-
ing Hamiltonians (for one-dimensional cahotic motion), the behavior of the
corresponding quantum system would have different types of quantum chaos.
Finally, one needs to point out here that this ambiguity will appear also on
the Hamiltonian formulation of classical and quantum statistical mechanics.
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